Abstract-This note investigates how to design topology structures to ensure the controllability of multi-agent networks (MASs) under any selection of leaders. We put forward a concept of perfect controllability, which means that a multi-agent system is controllable with no matter how the leaders are chosen. In this situation, both the number and the locations of leader agents are arbitrary. A necessary and sufficient condition is derived for the perfect controllability. Moreover, a step-by-step design procedure is proposed by which topologies are constructed and are proved to be perfectly controllable. The principle of the proposed design method is interpreted by schematic diagrams along with the corresponding topology structures from simple to complex. We show that the results are valid for any number and any location of leaders. Both the construction process and the corresponding topology structures are clearly outlined.
I. INTRODUCTION
Recently, distributed coordination and control of networks of dynamic agents has attracted constant and extensive attention (see e.g. [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] ). Among them, the study of graphical characterizations of multi-agent controllability has received special attention (see e.g. [21] , [22] , [23] , [12] , [19] , [27] ). It is worth mentioning that the results along this line are usually established only with respect to the pre-selected leaders; and the restriction on leader agents is a prerequisite for reaching a conclusion. Beyond that, the results on a straightforward identification of controllable topologies are very few, let alone how to design controllable graphs directly. What is commonly seen is the construction of uncontrollable topologies, which actually forms a necessary condition on the determination of controllability for a multiagent system. Our efforts in the note, however, are free from both of these two constraints, i.e., the requirement of pre-selected leaders and the direct design of uncontrollable topologies rather than controllable ones.
In subsequent sections, we show step by step that it is really feasible to design controllable topology graphs in a direct way regardless of the selection of leaders' locations and the number of leader agents. Here graphs with this controllability property of any leaders are called perfectly controllable to distinguish it from the usual notion of controllability with respect to a particular group of leaders. To this end, we came up with a concept of schematic graphs, and the design process is illustrated by combing the schematic graphs with topology graphs. The schematic diagrams help to explain in a particular way the mechanism of the proposed principle upon which the topology structures are desiged. The use of schematics is a feature of this design method. Now, an increasing number of scholars from different angles are making elaborate effort on the investigation of graphical characterizations for multi-agent controllability. Recent results in this regard include, e.g., [12] , [13] , [18] , [20] , [28] , [30] , [31] , [32] . One of the starting points of graphical characterizations is to uncover graphical interpretations for algebraic conditions on controllability [21] , [22] . The related results were mainly obtained by graph partitioning method [14] , [15] , [23] , [24] , [25] ; the concept of controllability destructive nodes [12] ; the balancing set approach [26] ; the eigenvector based technique [16] , [19] , [21] , and the notion of graph controllability classes [17] , etc. Reading controllability from the level of graph theory is quite involved even for simple topology structures such as path and tree graphs [29] , [19] , [23] .
The contribution of the note is twofold. Firstly, we find a kind of interesting topology which is controllable, while independent of the leaders' selection. An algebraic necessary and sufficient condition is developed for determining this kind of controllable topology graphs. Secondly, a systematic design procedure is proposed by which a large number of perfectly controllable graphs can be constructed. To illustrate this design process more clearly, a kind of schematic diagrams is employed creatively in the description. It can be imagined that it is not possible to exhaust all perfectly controllable graphs by one construction method alone. Even so, some of the rules followed in the construction are verified to be effective, at least for the situations mentioned in the note. It can be expected that the rules are instructive in dealing with more situations.
The note is organized as follows. Section II contains preliminary notions and problem setup. In Section III, main results are reported. Section IV concludes the note.
II. PRELIMINARIES

A. Graph theory
Let G = (V, E, A) represent a graph. A MAS consists of n single integrator dynamics agents, which are labeled by the vertex set V = {v 1 , v 2 , · · · , v n }. The edge set E = {(v i , v j ) : v i , v j ∈ V } denotes the connection between two nodes, if agent j can directly get information from agent i, i.e., (v i , v j ) ∈ E, the edge is an ordered pair with the nodes in set
Assuming there is no self-loop in the graph, i.e., all edges of E are in accord with i = j. The n × n adjacency matrix is expressed as A = {a ij }.
∈ E, then a ij = 0, agent j is not a neighbor of agent i. In particular, any a ii = 0 means that each diagonal elements of A is 0. 
If graph G is given precisely, it can be abbreviated as L. If graph G is an undirected graph, the Laplacian matrix L and the adjacency matrix A are symmetrical. Hence the entries of L can be written as
B. Problem formulation and a preliminary result
Consider a single integrator multi-agent system with dynamics of each agent described bẏ
where I n+l ∆ ={1, . . . , n + l}, n and l are the numbers of followers and leaders, respectively. The information flow between agents is modeled by an undirected graph G. Its Laplacian is defined by L = D −A, where D is the diagonal degree matrix and A is the adjacency matrix. For each agent, the neighborbased rule is
Then the closed-loop system of (3) and (4) readṡ
where x is the stack vector of all x i . With the last l agents being selected as leaders, L can be
where L f and L l correspond to the indices of followers and leaders, respectively. Denote by x f and x l the stack vectors of all followers' and leaders' states. Then
It follows from (5) that the followers' dynamics iṡ
Since the followers' dynamics is captured by (6), a multiagent system with dynamics (3) is controllable if and only if so is (6) . The following lemma is for the determination of controllability in association with the selection of leaders.
The multi-agent system with dynamics (3) is controllable if and only if there is no eigenvector of G taking 0 on the elements corresponding to the leaders.
Definition 1.
A multi-agent system is said to be perfectly controllable if it is controllable under any selection of leaders. Here both the number and the locations of leaders are arbitrary.
In what follows, we don't discriminate the controllability of a multi-agent system with that of its corresponding interconnection graph.
III. MAIN RESULTS
The goal of this section is to construct communication graphs under which the multi-agent system is perfectly controllable. We first give a necessary and sufficient condition for the perfect controllability.
A. Algebraic condition Theorem 1. The multi-agent system (3) along with protocol (4) is perfectly controllable if and only if all the eigenvalues of the Laplacian matrix L of the associated interconnection graph are distinct and the eigenvector of each eigenvalue of L has no zero elements.
Proof: Necessity: Suppose by contradiction that there is an eigenvalue λ of L with its algebraic multiplicity n λ greater than 1, i.e., n λ > 1. Since the interconnection graph is undirected, L is symmetric and accordingly there are n λ linearly independent eigenvectors of λ. Let η 1 , η 2 be any two eigenvectors of λ. There is a linear combination η = α 1 η 1 + α 2 η 2 of η 1 and η 2 so that η has at least one zero element, where α 1 , α 2 are real numbers. Note that η is also an eigenvector of λ since so is for both η 1 and η 2 . Then, by Lemma 1, the system is uncontrollable if leaders are selected from the agents corresponding to the zero elements of η, which is a contradiction to the perfect controllability. The above discussion also yields that any eigenvector of L has no zero elements because the system is perfectly controllable.
Sufficiency: Since each eigenvalue of L is different from all the others, and the eigenvector of each eigenvalue has no zero elements, the system is controllable with any selection of leaders. Otherwise, by Lemma 1, the uncontrollability of the system under a group of leaders implies that L has an eigenvector with the elements corresponding to the leader agents taking the value of zero. This is a contradiction to the assumption. Remark 1. An algebraic necessary and sufficient condition is presented in Theorem 1. The next objective is to cast the algebraic condition on the meaning of topology structures, especially finding out topology graphs satisfying the algebraic condition. Intuitively, it is not possible to uncover all these topology graphs because the number of topology structures is countless; and the more number of nodes, the harder in finding out all the topologies. Hence, designing topology structures just in a certain circumstance is a realizable approach in the investigation.
B. Design procedure
Bearing Remark 1 in mind and for the convenience of presentation, the construction procedure starts with a simple topology structure depicted by (b) of Fig. 1 which consists of eight nodes.
Step 1 The eight nodes 1 to 8 are divided into two groups. One is Ω 1 = {1, 2, 3, 4}, and the other is Ω 2 = {5, 6, 7, 8}. The corresponding schematic diagram is (a) of Fig. 1 .
Select arbitrarily one node, respectively, from Ω 1 and Ω 2 , say 1 ∈ Ω 1 and 5 ∈ Ω 2 to constitute a double nodes set, which is depicted by the first oval shape in (a) of Fig.1 . In this way, four double nodes sets are written out, as shown in (a) of Fig.1 , and each node belongs to one and only one double node set.
The original graph consisting of the eight nodes are depicted by (b) of Fig.1 , which has a simple topology structure and is a candidate for subsequent construction of perfectly controllable graphs.
Remark 2. The graph (a) of Fig.1 and its subsequent evolutionary graphs are schematic diagrams which are used to explain the rules of design. The graph (b) of Fig.1 and its subsequent evolutionary graphs indicate the resulting topology structures in each step. These two types of graphs together form a description of the design process. Step 2 Take any three of the four double nodes sets, say the first, the second and the fourth one; and establish a connection between the two nodes in each of these selected three node sets. This addition of the communication edges is illustrated by (a) of Fig.2 . The corresponding topology structure is described by (b) of Fig.2 . Step 3 Focus on the double nodes set in which the two nodes are not interlinked. For these two nodes, let us consider the one belonging to Ω 2 . Here this node is 7.
Now, connect 7 to 4. The rules that this connection follows are listed below:
i) The two nodes 4 and 7 to be connected belong to different sets Ω i , i = 1, 2; ii) The two nodes 4 and 7 to be connected are not in the same double nodes set; iii) The newly added edge e 47 between 4 and 7 does not intersect with any other edge. The newly added edge and the corresponding topology structure are depicted, respectively, by (a) and (b) of Fig.3 .
In this way, each of edges e 27 , e 36 , e 38 is also the right alternative. Step 4 In this step, the two double nodes sets linked by the newly added edge e 47 are fixed. In what follows, three scenarios are stated.
Case a) By following the same rules i) to iii) in Step 3, a new edge, say e 16 or e 25 can be created to link the other two unfixed double nodes sets. This manipulation is illustrated by Case b) Let us still consider the two unfixed double nodes sets. In this case, one new node labeled as 9 and two associated new edges are added to the graphs designed by following Step 3. There are three circumstances.
• For the nodes 1 and 2, which belong to the same Ω 1 , and meanwhile, respectively, belong to one of the two unfixed double nodes sets, the two new edges are constructed by connecting the new node 9, respectively, to one of these two nodes 1 and 2. This is illustrated by (a) of Case c) In this case, we are to design the third new edge. It can be seen from Fig. 7 that the third edge is designed by connecting the new node 9 to one of the nodes in the unfixed double nodes set, where any node in this unfixed double nodes set previously has no linking edge with the new node 9.
The topology structures corresponding, respectively, to (a) to (d) of Fig. 7 are depicted by (a) to (d) of Fig. 8 .
Although the following Fig. 7 indicates that the difference between case b) and this case c) is only the third new edge, the two cases actually are parallel in the sense that both cases can be employed below to further produce different completely controllable graphs. That is why we make the distinction between the two cases. For graph (a) of Fig. 6 , calculations show that the following two aspects hold simultaneously.
• Eigenvalues of the Laplacian L of this graph are distinct from each other, which are, respectively, 0, 1.1834, 1.6463, 2.4581, 2.7853, 3.9468, 4.5771, 5.1780 and 6.2250; • The eigenvector associated with each of these eigenvalues has no zero entries. Note that since the graph is undirected, there is one and only one independent eigenvector corresponding to each of the aforementioned eigenvalues.
By Theorem 1, the system is controllable under any selection of leaders, where both the number and the locations of leaders are arbitrary.
To create more perfectly controllable graphs, we perform the following construction process.
Step 5 In this step, topology structures are further designed by combining Fig. 4 and Fig. 5 . More specifically, the graphs (a) and (b) of Fig. 9 is obtained by combing (a) Fig. 9 . In this way, we have a total of 12 graphs in Fig. 9 . Step 6 Now let us focus on the Case c) of Step 4 since the other two Cases a) and b) of Step 4 have been utilized in the construction in Step 5. As to Case c) of Step 4, there are four corresponding graphs in Fig. 7 . For each of them, we only consider the two unfixed double nodes sets, between which a new edge is to be designed according to the following two rules:
i) The two nodes to be connected to form the newly designed edge belong to different sets Ω i , i = 1, 2; ii) The two nodes to be connected are not in the same double nodes set; iii) The newly designed edge does not intersect with any other edge. For the two unfixed double nodes sets, the newly designed edge is colored green between them in each graph of Fig. 11 and the corresponding topology structures are depicted in Fig.  12 . In subsequent Theorem 3, Steps 5 and 6 produce more perfectly controllable graphs, which can be verified in the same way as Theorem 2. Remark 4. In the preceding Steps 4 to 6, the design of perfectly controllable graphs is based on the two unfixed double nodes sets. In the next step, however, the design of perfectly controllable graphs are from the two fixed double nodes sets. Let us recall that the two fixed double nodes sets are the two oval shapes, respectively, consisting of 3, 7 and 4, 8.
The subsequent construction of graphs in the next step begins from each of the following 26 graphs: (a) to (f) of Fig. 5 ; (a) to (d) of Fig. 7 ; (a) to (l) of Fig. 9 ; and (a) to (d) of Fig. 11 . This construction produces a total of 208 graphs.
Remark 5. The above mentioned 26 graphs are designed from the two unfixed double nodes sets, which are the two oval shapes, respectively, consisting of 1, 5 and 2, 6. The next design Step 7 is to show that after manipulations, respectively, on the fixed and unfixed double node sets, more perfectly controllable graphs can be constructed by combining the manipulations from these two kinds of double nodes sets. On the other hand, the design result achieved in Step 7 implies that even if in some circumstances perfectly controllable graphs cannot be obtained by manipulations only on fixed double nodes sets, perfectly controllable graphs can still be constructed if the unfixed double nodes sets are manipulated at the same time.
Step 7 We use graph (a) of Fig. 9 to illustrate this step. From this graph, eight new graphs are created by following subsequent items i) to iv). i) One new node labeled as 10 is added to the graph (a) of Fig. 9 ; ii) In the two fixed double nodes sets, consider the two nodes belonging to the same Ω i , i = 1, 2, say 3 and 4 which both belong to Ω 1 . Then node 10 is connected, respectively, to the nodes 3 and 4 to create two new edges e 10,3 , e 10,4 . The corresponding graph is (a) of Fig. 13 .
For nodes 7 and 8, the two new edges e 10,7 , e 10,8 are created in the same way. The corresponding graph is (d) of Fig. 13 . iii) In the two unfixed double nodes sets, which consist of, 1, 5 and 2, 6, respectively; let us consider the two nodes belonging to the same Ω i , i = 1, 2, say 1 and 2 which both belong to Ω 1 . Then, from the graph (a) of Fig.  13 , the third new edge e 10,1 or e 10,2 is designed by connecting node 10 with node 1 or 2. This produces two graphs, which are (b) and (c) of Fig. 13 accordingly.
For nodes 5 and 6, the two third new edges e 10,5 and e 10, 6 are designed in the same way based on the graph (d) of Fig. 13 . The corresponding two graphs are (e) and (f) of Fig. 13 . iv) From the graph (a) of Fig. 13 , another new edge e 10,7 is designed by following the rule that the newly designed edge does not intersect with any other edge. The corresponding graph is (g) of Fig. 13 .
Similarly, from the graph (d) of Fig. 13 , a new edge e 10,4 is created which corresponds to the graph (h) of Fig. 13 .
Thus, following the above procedures i) to iv), eight graphs (a) to (h) of Fig. 13 are produced with respect to the graph (a) of Fig. 9 .
In Fig. 13 , graphs (i) to (n) are generated randomly from some of the aforementioned 22 graphs. The generation obeys items in Step 7. For example, graph (i) of Fig. 13 is produced from (a) of Fig. 5 by following items i) and ii) of Step 7.
The topology structures corresponding to each of the graphs in Fig. 13 are depicted in Fig. 14. The following theorem indicates that a graph designed by Step 7 can be a perfectly controllable graph with big probability. Remark 6. The above efforts are aimed at obtaining a large number of perfectly controllable graphs by following the rules proposed in the design procedure rather than proposing a construction approach that applies to all situations. By adding nodes and edges, countless graphs can be constructed from the original topology (b) of Fig.1 , and accordingly the number of perfectly controllable graphs is also infinite. It is not realistic to construct all perfectly controllable graphs just by one design method.
IV. CONCLUSIONS
Different from the usual manifestation of the reported results, the rules obeyed in the proposed design procedure are the main contribution of the note. The rules were stated in the design steps, not in the form of a proposition. Starting from a simple topology structure, lots of perfectly controllable graphs were constructed by following the proposed design procedure. From our own point of view, how to obtain the desired topology is an important part of understanding the graph theoretical meaning of multi-agent controllability, not just the topology structure itself.
Besides, the concept of perfectly controllable graph has been proposed for the first time in the note, which tells us that there are controllable interconnection graphs no matter how the number and locations of leader agents are selected. A necessary and sufficient algebraic condition was derived for the perfect controllability. Many perfectly controllable graphs are constructed to verify the reliability of the results.
